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Abstract
Let A, B and X be finite-dimensional ANR compacta and let α :A→X and f :A→ B be maps
such that α restricted to the set Sf = {x ∈ A | f−1f (x) = x} is one-to-one. Then the pushout Y of
the diagram X α← A f→ B is ANR. We apply this result to a construction of ANRs Mp , p is prime,
for which dim(Mp ×Mq) = dimMp + dimMq .  2002 Elsevier Science B.V. All rights reserved.
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1. Generalization of Borsuk’s pasting theorem
Borsuk’s pasting theorem states that if A, B and X are ANR compacta, α :A→X is an
embedding and f :A→ B is a map, then B ∪f X is an ANR. We prove the following.
Theorem 1. Let A, B and X be finite-dimensional ANR compacta and let α :A→ X,
f :A→ B be two maps such that
α is one-to-one on the singularity set Sf =
{
x ∈A | f−1f (x) = x}. (∗)
Then the pushout Y of the diagram X α← A f→ B is an ANR. If spaces A, B and X are
ARs, then so is Y .
E-mail address: dranish@math.ufl.edu (A.N. Dranishnikov).
0166-8641/02/$ – see front matter  2002 Elsevier Science B.V. All rights reserved.
PII: S0166-8641(01)0 00 14 -1
170 A.N. Dranishnikov / Topology and its Applications 120 (2002) 169–174
Proof. Consider the diagram:
A
f
α
B
β
X
φ
Y
First we show that Y is finite-dimensional. Note that the set
f (Sf )=
⋃
n
{
b ∈B | diam(f−1(b)) 1/n}
is Fσ and β restricted to f (Sf ) is one-to-one. Hence dimβ(f (Sf )) dimB . We consider
a Gδ-set W that contains β(f (Sf )) with dimW  dimB . Then φ(X) \W =⋃Ci can
be presented as a countable union of compacta. Then φ−1(Ci) is homeomorphic to Ci
for all i . By the countable union theorem we have that dimφ(X) \W  dimX. Note that
β(B) \φ(X) is homeomorphic to B \ f (A). Then Y = (φ(X) \W)∪W ∪ (β(B) \φ(X)).
Therefore,
dimY max
{
dim
(
β(B) \ φ(X)),dim(φ(X))} dimX+ dimB + 1
by the Urysohn–Menger formula.
Since α is injective on Sf , the map φ is defined by the decomposition F = {αf−1(b) |
b ∈ f (Sf ) and singleton}. It is clear that this decomposition is upper semicontinuous.
Hence Y is a compact metric space. There is a map q : DMα,f → Y of the double mapping
cylinder onto the pushout which is obtained as the natural extension of maps φ, β and
φ ◦β . By Borsuk’s ANR pasting theorem DMα,f is ANR. We show that map q is cell-like,
then the result would follow.
We consider three cases.
(1) y ∈ Y \ φαA. In that case q−1(y) is a singleton, i.e., is cell-like.
(2) y ∈ φαA \ φαSf . Then there is a unique x ∈X with φ(x)= y . In this case q−1(y)
is homeomorphic to the cone over α−1(x). Hence it is cell-like.
(3) y ∈ φαSf . In this case the restriction of α over α−1φ−1(y) is a retraction, denote it
by r , of α−1φ−1(y) onto φ−1(y).
Let S = α−1φ−1(y)∩Sf . Note that α restricted to S is a homeomorphism onto φ−1(y). By
virtue of the above description of φ, the image f (S) consists of one point b. Then q−1(y)
is homeomorphic to the quotient space W =Mr/S which is obtained from the mapping
cylinder by collapsing S to a point. Therefore W contains naturally the cone cS over S. If
we collapse this cone to a point, we obtain the space W/cS which is homeomorphic to a
reduced cone over the set α−1φ−1(y)/S. Since this is a space of the trivial shape, W has
trivial shape, i.e., cell-like (see Fig. 1). ✷
Problem 1. Can the finite-dimensionality condition of the spaces in Theorem 1 be
dropped?
It seems that the Bing Shrinking Criterion can be applied here.
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Fig. 1.
2. ANR compacta which fail to obey the logarithmic law
Examples of ANRs for which dim(X × Y ) = dimX + dimY were constructed in [2].
Here we apply Theorem 1 for the construction of these ANRs.
Theorem 2. For any prime p there exists an AR compactum Mp , having dimensions:
dimMp = dimZ(p) Mp = dimZp Mp = 4 and
dimQMp = dimZp∞ Mp = dimZq Mp = 3, where q = p is prime.
We need the following:
Lemma. There is an embedding of an infinite tree T =⋃Ti in a four-dimensional cube
I 4 such that there is a sequence of regular neighborhoodsN1 ⊂N2 ⊂ · · · of the finite trees
T1 ⊂ T2 ⊂ · · · with the properties:
(1) The union ⋃Ni =N is dense in I 4.
(2) For every i there is an εi-retraction hi :Ni+1 \ Int(Ni)→ Cl(∂Ni+1 \ ∂Ni).
(3) ∑εi <∞.
(4) The restriction hi |Cl(∂Ni\∂Ni+1) is an embedding.
Proof. We construct T and N by induction. Assume that diam(I 4)= 1 and choose a point
x0 ∈ ∂I 4. We define T1 as the segment from x0 to the center c of the cube I 4. Take ε1 = 2
and let N1 be a regular neighborhood of T1 in I 4. There is an ε1-retraction h1 :N1 →
Cl(∂N1 \ ∂I 4). Consider a finite 12 -net in Int(I 4 \N1). Then we join points of the net by
smooth arcs in I 4 of the length  1 with c. We may assume that all arcs are disjoint and
transversal to ∂N1. The union of these arcs with T1 gives T2. Then we consider a regular
neighborhoodN ′2 of T2 such that there is an ε2-retraction h2 :N ′2 \ Int(N1)→ Cl(∂N ′2 \N1)
with ε2 = 1. Define N2 =N ′2∪N1. Consider a 14 -net in Int(I 4 \N2) and join every point of
the net with one of the closest point of the previous net by an arc of length 12 , transversal
to ∂N2 and so on. ✷
Proof of Theorem 2. Let N and T be as above. Let A= B =N ∩ ∂I 4 =D be 3-dimen-
sional disks. Define X = I 4 \ Int(N). Since ∑ εi <∞, the composition h¯= · · · ◦ h2 ◦ h1
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is a retraction of I 4 onto X. Hence X ∈ AR. We define α = h¯|D . We define f :D→D as
follows. Denote
Dk = α−1
(
k⋃
i=1
Cl(∂Ni \Ni+1)
)
.
Then we define f0 : ∂D→ ∂D as a map of degree p. Since the second homotopy group is
Abelian, we can extend f0 to f1 :D1 →D1 in such way that the restriction of f1 on every
component of the boundary ∂D1 is a mapping of the component to itself with the degree
p. Then we can extend f1 to f2 :D2 →D2 in the similar fashion and so on. Let
U =
∞⋃
i=1
α−1Cl(∂Ni \Ni+1).
Then D \U = C is a Cantor set. We define f on U as the union of fi and f |C = idC . We
note that α|U is injective and Sf ⊂U . Then Theorem 1 defines an AR-space Mp = Y .
Note that Z = φ(Cl(∂I 4 \D)) is homeomorphic to the Moore space M(Zp,2). Since
H 3(Z;Zp) = 0 andZ ⊂ Y ∈AR, the exact sequence of pair (Y,Z) implies that dimZp Y 
4. Therefore Bockstein’s inequality dimZ(p) Mp  dimZp Mp imply that
dimMp = dimZ(p) Mp = dimZp Mp = 4.
We show that for every closed subset F ⊂ Y the equality Hˇ 3(F ;Zq) = 0 holds for all
prime q = p. Then the inequality dimQZ  dimGZ which holds for all ANR compacta
and all Abelian groups [5,3] would imply that
dimQMp = dimZq Mp = 3.
By the Bockstein alternative dimZ(p) Mp = dimQMp or = dimZp∞ Mp + 1. Hence,
dimZp∞ Mp = 3.
Let K = β−1(F ). There is a sequence of open 3-balls {Bi} in D such that
(1) each ball is a component of a complement to Dl for some l,
(2) C \K ⊂⋃∞i=1Bi ,
(3) Bi ∩K = ∅.
Denote D′ =D \⋃∞i=1Bi and consider F ′ = β(D′). We show that the inclusion F ⊂ F ′
induces an epimorphism in 3-dimensional cohomologies. Let g :F →K(G,3) be a map to
Eilenberg–MacLane complex. Since dimD′ = 3, there is an extension ν :D′ → K(G,3)
of a map g ◦ β|β−1(F ). We define g¯ :F ′ → K(G,3) by the formula: g¯(z) = νβ−1|D′(z)
for z ∈ F ′. Since g¯ is an upper semi-continuous multi-valued map, it suffices to show that
νβ−1(z) consists of one point for all z ∈ F ′. By the definition this holds for z ∈ F . Let
z ∈ F ′ \ F . Then by the definition of D′ we have that β−1(z) ∩ D′ ⊂ U = f (U) ⊂ Sf .
Since α|Sf is injective, we have |f (f−1β−1(y))∩ Sf | 1. This implies that β−1(z)∩D′
consists of one point. Next, we show that Hˇ 3(F ′;Zq)= 0. We consider the map γ :Mα →
DMα,f generated by the map f . Let q¯ : DMα,f → Y be the quotient map of Theorem 1.
Consider the diagram generated by the map γ restricted to the pairs (q¯−1(F ′),D′) and
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(γ−1q¯−1(F ′),D′) where D′ is considered here as the subset of D = B and D = A,
respectively;
0 Hˇ 3(q¯−1(F ′);Zq)
γ ∗
Hˇ 3(q¯−1(F ′),D′;Zq)γ
φ2
Hˇ 2(D′;Zq)
φ3
0 Hˇ 3(γ−1q¯−1(F ′);Zq) Hˇ 3(γ−1q¯−1(F ′),D′;Zq) Hˇ 2(D′;Zq)
The homomorphism φ2 is generated by a relative homeomorphism and, hence, is an
isomorphism. The homomorphism φ3 is generated by the restriction f |D′ which is a map
of degree p of an infinite wedge of spheres to itself. Hence it induces an isomorphism of
cohomologies with coefficients in Zq for q relatively prime to p. The Five Lemma implies
that γ ∗ is an isomorphism.
Let α¯ :Mα →X be the natural projection to the range. The diagram
DMα,f
q¯
Y
Mα
γ¯
α¯
X
φ
restricted to F ′ ⊂ Y produces isomorphisms diagram for 3-dimensional cohomology:
Hˇ 3(q¯−1(F ′);Zq)
γ ∗
Hˇ 3(F ′;Zq)
Hˇ 3(γ−1q¯−1(F ′);Zq) Hˇ 3(φ−1(F ′);Zq)
Since X is 3-dimensional AR-space, Hˇ 3(φ−1(F ′);Zq) = 0. Hence Hˇ 3(F ′;Zq) = 0 and
Hˇ 3(F ;Zq)= 0. ✷
Corollary. For different primes p and q the dimension of the product does not comply to
the logarithmic law: dimMp × dimMq = 7 = 4+ 4.
Proof. By Alexandroff and Bockstein theorems [5] we have
dim(Mp ×Mq) = dimZ(Mp ×Mq)=max
{
dimZ(r) (Mp ×Mq)
}
= max{dimZr (Mp ×Mq)} (by Theorem 2)
= max{dimZr Mp + dimZr Mq}= 7. ✷
Problem 2. Do there exist 3-dimensional ANR compacta X and Y with dim(X×Y ) 5?
Kodama proved that there are no such 2-dimensional compacta [4].
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